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The general form of the X-ray susceptibility tensor near absorption edges is
found when several anisotropic factors, such as the anisotropy of local atomic
environment, magnetic ordering and orbital ordering, simultaneously exist in a
crystal. Different phenomenological approaches are used to obtain the explicit
form of the susceptibility tensor and to find the contributions from each
anisotropic factor separately as well as ‘combined’ terms owing to their
simultaneous existence. The results of the theoretical treatment are applied to
the resonant diffraction by LajsSr; sMnO, below the Néel temperature, where
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1. Introduction

Resonant X-ray diffraction has been proved to be a method
sensitive to the local properties of a crystal, such as anisotropy
of the local atomic environment or atomic magnetic moments
orientation. The enhancement of the resonant X-ray scat-
tering amplitude near absorption edges is closely related to
anomalous dispersion and occurs when the energy of the
incident radiation approaches the value required to excite an
inner-shell electron into an empty state of a valence shell. The
valence shells are strongly affected by the local environment
and therefore the atomic scattering amplitude depends on the
local crystal field, the atomic magnetic moment and other
factors that influence the electronic states. If the degeneration
of the valence-electron states is broken down owing to the
various factors, the susceptibility of the crystal becomes
anisotropic near the absorption edge. The anisotropic prop-
erties of the susceptibility provide effects like birefrigence and
dichroism. In diffraction, it leads to the excitement of
forbidden magnetic (Gibbs et al, 1985) and ATS (anisotropy
of the tensor of susceptibility) (Templeton & Templeton, 1980;
Dmitrienko, 1983) reflections, which possess complex azimu-
thal and polarization properties. Using the general properties
of susceptibility, it was shown (Ovchinnikova & Dmitrienko,
1997) that the simultaneous existence of two kinds of aniso-
tropic properties, for instance, anisotropy of the local atomic
environment along with magnetic ordering, can stimulate the
existence of extra reflections that are forbidden otherwise.
Recently, the anisotropy owing to orbital ordering was studied
with the help of resonant diffraction of synchrotron radiation
(Murakami et al., 1998). The possibility of forbidden reflec-

charge and orbital ordering coexist with anisotropy of local atomic environment
and magnetic ordering.

tions caused by violation of local anisotropy by thermal
vibrations was recently considered by Dmitrienko et al. (1999).

Different approaches can be used to calculate the scattering
amplitude taking into account magnetic ordering together
with anisotropy of local atomic environment and/or orbital
ordering. One of them, using the spherical tensors technique,
was developed by Hannon et al. (1988), Carra & Thole (1994),
Carra et al. (1993), Rennert (1993), Fabrizio et al. (1998) and
others. The Cartesian form of the susceptibility in the presence
of a magnetic moment together with an axially symmetric local
environment was considered for dipole transition by Blume
(1994).

In the present paper, we develop an approach based on the
explicit Cartesian form of the susceptibility tensor. This
approach gives a simple way of treating several problems, such
as the determination of the set of possible reflections and
computation of their polarization properties. We use the
phenomenological treatment, which allows one to obtain the
explicit form of the susceptibility tensor taking into account
various different anisotropic factors. Our treatment is based
on the expansion of the susceptibility tensor in terms of small
order parameters describing anisotropy of the local atomic
environment, magnetic ordering and orbital ordering. This
approach will be referred to as ‘the weak anisotropy
approximation’. It allows one to obtain the explicit form of
the susceptibility for any kind of resonant transition, which
contains the separate contributions from each anisotropic
factor together with the terms describing the ‘combined’
effects owing to the simultaneous existence of different
anisotropies. We discuss also forbidden reflections appearing
due to these ‘combined’ terms in the susceptibility tensor.
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2. The susceptibility tensor near the absorption edge

In the present paper, we shall consider all tensors in a
Cartesian basis. This approach is widely used, e.g. by Blume
(1994), Brouder (1990), Kirfel et al. (1991), Kissel et al. (1995)
and Templeton (1998). The resonant part of the scattering
factor F,.(H), describing the resonant X-ray scattering into

res

the reflection with H = (hkl) is equal to

Fres(H) = —(Va)z/47TI’eC2) Z ez,'*er}?j eXp(iHrs - Wv)v (1)

where s runs over the number of atoms in the unit cell, k and
k' = k + H are the wave vectors of the incident and scattered
radiation with the polarization vectors e and €, w is the
frequency of radiation, r, = ¢?/mc?, V is the unit-cell volume,
X;; is the resonant susceptibility tensor of the sth atom and W;
is the temperature factor. In (1), we used the usual relation
between susceptibility and structure factor (see Pinsker, 1982).
The resonant susceptibility tensor can be calculated as

Xii(@, K, k) = (4nr,*mw}, Jha’ V)
X Zpa[Big,iBiZ,j/(wa — W, +o-— ZF/Zh)]’

)

where
B =(a|rl —ikr— & -r)+..]]0), (3)
BY = (c|rl+ikr — (k-1 +...]]|a), (4)

| ¢) describes the intermediate electronic state with the
eigenvalue E, = hw,, | a) the initial and final electronic states
with the eigenvalue E, = hw,, p, is the probability that the
incident state of the scatterer | a) is occupied, v, = ®. — w,,
I" is the inverse lifetime of the intermediate state. The explicit
form of the susceptibility tensor depends on the type of
electronic transition and on the electronic states. The consid-
ered expansion differs from the usual mulitpole expansion in
spherical harmonics, but the resulting tensors are usually
classified in a similar way, that is as dipole—dipole, dipole—

quadrupole, quadrupole—quadrupole and so on:
Xi = X5 a K —K) + XKk (5)

The explicit forms of the susceptibility tensors in the Cartesian
coordinates were calculated for magnetic and nonmagnetic
crystals for dipole E1 and quadrupole transitions (Hannon et
al., 1988; Blume, 1994). The sum rules that allow the scattering
amplitude to be calculated in terms of spherical tensors were
represented by Carra ef al. (1993) and Luo ef al. (1993). In the
dipole—dipole approximation, the explicit Cartesian form of
susceptibility for the simultaneous existence of magnetic
ordering and axially symmetric anisotropy of the local atomic
environment was proposed by Blume (1994):

X:]r = (”i”j - %(Sij)[al +by(n- m)’] + & (mimj - %mzaij)
+ dy[n;m; + nym; — 3(m - m)§;(n - m), (6)
Xij = i8ijk[a2mk + by (n - m)], (7

where x~ is the antisymmetric part of x;: x~ = %(Xij — X,-,-)§
xt =506 + x;) — $tr(X)8;; is the symmetric part, aj, by, ¢, d,,
a,, b, contain the resonant denominators, m; and n; denote the
projections of the magnetic moment and the unit vector n
along the local crystal field axis, corresponding to the sth atom
in the unit cell, and J;; is the completely antisymmetric third-
rank pseudotensor. Equations (6) and (7) are only valid if the
atom occupies a site with threefold, fourfold or sixfold
symmetry of environment. It follows from (6) and (7) that the
susceptibility consists of parts that separately describe the
resonant scattering due to the magnetic moment (let us call it
X;j %) or the anisotropy of the local atomic environment ("™
and the ‘combined’ term )(f;’mb following from the simulta-
neous existence of the two anisotropic factors. Hence, we can

also represent the susceptibility as

Xi =X A ®)
It was shown by Ovchinnikova & Dmitrienko (1997) that the
combined term is responsible for the appearance of additional
reflections. To consider crystal structures with non-uniaxial
local symmetry (we shall call it biaxial), the general properties
of the susceptibility relative to magnetic field inversion were
used by the authors. This approach cannot be used to consider
crystal structures in general. Hence, it is preferable to obtain
an explicit form of the susceptibility for the case of the
simultaneous existence of several anisotropic factor, including
biaxial anisotropy of the local atomic environment. Below we
shall find different ways to explicitly take into account several
anisotropic factors.

3. Resonant susceptibility of a magnetic crystal with
anisotropy of local atomic environment. Dipole
transition

In this section, the susceptibility of a magnetic crystal with
local crystal anisotropy will be considered with several
approaches. Since the direct calculation of the susceptibility is
very complicated, we will use a phenomenological way to find
explicit expressions for the susceptibility tensor for each kind
of local anisotropy.

3.1. Optical approach

For the visual optical band, a magnetic ordering (or an
external magnetic field) leads to a variety of magnetooptical
effects depending on the crystal symmetry (Landau & Lifshitz,
1953). To describe these effects, it is sufficient to consider the
properties of the dielectric permeability in a weak magnetic
field. A similar approach was also used when optical effects
connected with the electric field or the tensor of mechanical
tension are considered.

Further, we shall use the tensor jx, traditionally used in
X-ray diffraction, instead of £ = 1 + x usually used in optics.
The resonant part of  for a single resonant transition can be
written as x; = {;k. where ; is a tensor describing the
angular and polarization properties of scattering, k,. is the
energy denominator. The tensor ¢; depends on the anisotropy
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of the local atomic environment, the magnetic moment m and
other anisotropic factors, which also influence the valence-
electron state E_, i.e. k. and the position of the resonant line
on the energy scale. In the following, we suppose this position
fixed, i.e. we neglect the dependence of the resonant multiplier
on the field parameters. Hence, only the tensor ¢ is respon-
sible for the properties of X-ray anisotropic resonant scat-
tering. Then, we will use the optical approach and represent
the tensor ¢ for the separate resonant transitions in the
following expansion:

gm) = &) + Ajm), + Ajjmim; + . )
where fjo is the susceptibility of the sth resonant atom in the
presence of only anisotropy of the local atomic environment,
excluding magnetic interaction. If we take into account spatial
dispersion effects, we suppose the tensors to depend on the
wave vectors. But for the dipole transition, where spatial
dispersion is absent, all tensors in (9) are invariant under the
point-group symmetry of the position of the sth resonant
atom. In (9), m is considered to be a small parameter, hence
this expansion in terms of m corresponds to the strong crystal-
field approximation.

It is known that the symmetry of kinetic coefficients
requires that x;(w, m) = x;(w, —m). Neglecting the depen-
dence of the energy denominator on m, we obtain a similar
expression for {: §;;(m) = ¢;(—m). It also follows from (2) that
¢; = ;- Thus, all tensors in (9) being antisymmetric under i
are purely imaginary. Hence, A}jk is a third-rank imaginary
pseudotensor and A?jk, is a fourth-rank symmetric tensor.

In correspondence with the results of visual optics, the
third-rank pseudotensor A' can be represented  as
A}ik = ig;fy, fy being a second-rank pseudotensor, &, is a
completely antisymmetric third-rank tensor. As discussed by
Landau & Lifshitz (1953), the asymmetric part of f;, is not
essential so that this tensor will be assumed to be symmetric.
fumy 1is called the gyration vector, its form together with the
fourth-rank symmetric tensor A%, was represented for
example by Sirotin & Shaskolskaja (1975) and Agranovitch &
Ginzburg (1984) for different point groups. Below, we will find
the explicit forms of x for different kinds of anisotropy of local
atomic environment using expansion (9).

3.2. The explicit form of the susceptibility for a biaxial
magnetic crystal

To calculate the tensors in (9), we can use the standard
forms of the third-, fourth- and higher-order tensors listed in
the tables (see e.g. Sirotin & Shaskolskaja, 1975). The
convolution of these tensors with the magnetic moment
components gives the susceptibility for each specific case.

To obtain the explicit form of f we can also construct the
required tensors using the tensor invariants. The numbers of
the invariants for various point groups are listed in the tables
(see Sirotin & Shaskolskaja, 1975). Let us construct the
susceptibility tensor for the monoclinic point group 2. The
second-rank pseudotensor f;, transforms as ¢[V?] [here and
below we shall use the notations by Jahn (1949)] in those

groups that allow its existence. In the cases of low symmetry
(A # X, # Ay, where A; are the eigenvalues of the tensor), f,
possesses three independent invariants and can be written as

S = f/(aalk + b”}c”} + C”i”zz)’ (10)

where a, b, ¢ are arbitrary constants and f” is a pseudoscalar.
The coordinates of the vectors n' and n? in the diagonal form
are connected with the eigenvalues of the tensor (see Fedorov
& Filippov, 1976). The substitution of (10) into (9) gives

A}jkmk = if’s,-ik[amk + b(ny, - m)n; + c(n’ - m)nz). (11)

For the groups with tetragonal, hexagonal and rhombohedral
symmetries where A, = A,, n; = n,, there are two invariants:
fu = f'lady + bnn)], hence

Agjkmk = if'eulamy + bny(n - m)], (12)

which coincides with the result given in (6). Here and further
on, we shall use the letters a;, b;,... to denote arbitrary
coefficients of the expansion. For the cubic and spherical
symmetries, we have A; = A, = A;, hence n = 0. Then, we
obtain Ail]-k = if'ag;my. This result corresponds to the purely
magnetic crystal and coincides with the well known result
given by Hannon et al. (1988).

Now, let us consider the second-order term. The tensor Af,-k,
transforms like [V2]?. The forms of such tensors are listed for
different point groups in the tables (see Sirotin & Shaskol-
skaja, 1975) together with suitable numbers of invariants. As
an example, let us consider the monoclinic groups 2, m, 2/m.
They possess 20 components that can be constructed from 19
invariants. Here, we will not represent the very long explicit
expression for the invariant form of A® One can obtain it
using the tensor J;;, vectors n', n? and 19 arbitrary coefficients.
The convolution of Aizjk, with the magnetic moment compo-
nents gives

2 _ 1,1 2.2
Aijklmkml = 0‘51‘;‘ + meim/' +[nn n; + y,nin;

+ y3(nin; + nin))] + 2(pmm; + ppymy),  (13)

where the coefficients & and y, , ; include the dependencies on
m?, (n' -m)?, (n>-m)?>, (n' -m)(n®-m) and 15 independent
parameters.

11 2.2 1.2 2.1
pi = eymn; +e;min; + ey(nyn; + npn;)

is a second-rank tensor invariant under the anisotropy of the
local atomic environment symmetry group. b and e, , ; are the
independent parameters. The first and third terms in (13) are
the amendments to 2 the second one corresponds to the
purely magnetic part of the scattering. The last term is the
‘combined’ part, which is the most interesting for us.

For the groups with higher symmetry, the number of
invariants decreases. For groups 622, 6mm, 5m2, 6/mmm, 002,
oom, oo/mmm, we need six invariants [i.e. there are 6 arbi-
trary coefficients instead of 19 in (13)], which can be
constructed from only one vector n, ie.
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Then we obtain:

[a,m* + ¢,(m - n)2]8 + 2bym;m;

+ [d1m2 + fi(m - n) ]ni”;

+ Zel(minj + nimj)(m -m). (14)

2 —
Aijklmkml =

Excluding the diagonal part of the tensor {;, we obtain the
expression for x™ given in (6). The invariants for the rest of
the point groups can be realized by choosing suitable arbitrary
coefficients and vectors n

For a spherical symmetry of anisotropy of the local atomic
environment, we have two independent invariants (n = 0),
then

Aizjklmkml = [a51j5k1 + b(31k5ﬂ + 8jk8il)]mkml

= alm28ij + 2b,m;m;.

This expression describes the symmetric part of the scattering
amplitude conforming with the known result given by Hannon
et al. (1988).

The above expressions can be used to find the additional
reflections that can appear near the absorption edge in a
magnetic crystal with anisotropy of the local atomic environ-
ment. The considered case corresponds to a strong crystal
field, hence the influence of the crystal field is greater than that
of the magnetic interaction. As a result, the combined effects
may be negligible compared with the effect from anisotropy of
the local atomic environment. From this point of view, the
most interesting effects may occur in the case of an inter-
mediate field when the influence of the magnetic ordering is
compatible with the effect from anisotropy of the local atomic
environment. However, in this case, expansion (9) is not
correct. Below, we shall therefore consider another approach
which treats the case of the intermediate field.

4. The approach of weak anisotropy

The best situation for the ‘combined’ effects is when the
energy of magnetic splitting of the valence-electron states is of
the same order as that of the splitting due to the crystal field.
Since this case cannot be described using the optical approach,
another approximation will be used in this section.

The states of the valence electrons of a free atom are
degenerated with respect to the spin- and orbital-moment
projections. In this case, the susceptibility tensor has spherical
symmetry, ie. it is equal to )(2- ~ aé;. The interaction of the
atom with the crystal field and its magnetic interaction split the
atomic electron levels, causing the anisotropy of the suscep-
tibility. Let us consider cases when this anisotropy is suffi-
ciently weak. These are: (i) far from the absorption edge, i.e.
when |E, — E. 4+ hw| > T, so that the resonant scattering
amplitude is small compared with the isotropic Thomson
scattering; (ii) when the splitting A of the atomic resonant
levels is small compared with the width of the resonant line,

A <K T'. We shall denote both cases as a weak-anisotropy
approximation. It is similar to the fast-collision approximation
(Luo et al., 1993). To explain the weakness of anisotropy in the
latter case, let us suppose that the atomic resonant hne is spht
into two levels described by the susceptibility tensors ;1 and {2
and the resonant energies E; and E,. The following condition
must be satisfied to provide isotropy in the absence of the
splitting: g“}]- + §i2j = ad;. We can represent the susceptibility as
a function of w as follows:

= (hw — E, +iT'/2)"'[a8; + (H(E, — E,)
x (ho — E, +iT'/2)7"]. (15)

If the splitting of the levels A = E, — E, < T, the main part
of the susceptibility is spherically symmetric corresponding to
the susceptibility of the free atom. For example, if hiw = E,, we
have

xi = (E, — E, +il'/2)"'[ad, + iag}], (16)

where @« = 2A/T" < 1. Hence the anisotropy can be consid-
ered to be weak.

Note that if a forbidden reflection appears owing to weak
anisotropy, it still exists if the anisotropy is not weak. Hence, if
we are not interested in the intensities of these reflections but
only in the set of possible reflections, then all conclusions
below may be used for cases when the anisotropy is not weak.

4.1. The susceptibility of a magnetic crystal with anisotropy
of the local atomic environment

Now we shall consider the case of the resonant E1-E1
dipole transition. Let us suppose the crystal field and the
magnetic moment are small parameters and apply the
following expansion of ¢ similar to the one used in optics (s is
omitted):

f@,’(Ev m) = AO + A kM + AlklEk + AuklEkEl
+ Al]klmkml + Az/klmkEl + Al/klm

+ Aijklmnnklmmmn +.... (17)

Ny m,y,

In this expansion, we consider only the largest terms
depending on the magnetic moment m and electric field E and
those terms that can describe the combined influence of
magnetic ordering and anisotropy of the local atomic en-
vironment. As was remarked by Blume (1994), we must take
into account the symmetry of the p, [see equation (2)] under
field inversion. For the magnetic moment, we have
| a) =| —m). Hence, in a magnetically ordered system, i.e.
when p, # p;, those terms that linearly depend on the
magnetic moment differ from zero. In contrast, because the
Stark effect depends quadratically on the electric field, we
have p, = p;. Then, all the terms that linearly depend on the
electric field vanish. Taking this fact into account, we shall
further use a second-rank symmetric tensor n,, ~ E, E, as an
ordering parameter (fourth- and higher-order terms are
neglected) describing the anisotropy of the local atomic
environment at the position of the sth resonant-atom location.
All tensors A’ in (17) correspond to a free atom, i.e. are
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invariant under the group ocooo/m. In the case of axially
symmetric anisotropy of the local atomic environment, we can
write n,, = n; n;; for biaxial symmetry, we must introduce two
vectors (see §3). There is no necessity at all to decompose this
tensor.

It is known from the general theory (Gurewitch, 1948) that
any isotropic tensor of rth rank can be represented as a linear
combination of the isomers §;;d;; ...5; ;. In addition, we
have A}y = —A}, A%, = —Af,,. All other tensors are
symmetric under permutation of i and j. Let us consequently
consider all tensors.

A° characterizes the susceptiblity of the free atom, this
tensor is isotropic, i.e. Aj = ay8;.

A'! is an antisymmetric purely imaginary pseudotensor,
hence it can be represented in the form A},m, = i8;;my, similar
to those considered above for the system with spherical
symmetry. Here and below we shall use the antisymmetric
pseudotensor J; instead of f'e;.

A? and A* are symmetric tensors invariant under the full
group of rotations. Their general form is [V?]°. In this case,
they have two independent components and can be repre-
sented as the following sum of isomers (Sirotin & Shaskol-
skaja, 1975):

Ai3jkl = 38,01 + b3 (88, + 8;8;)- (18)

With a similar expression for A*, we get:
A?iklmkm, = a48ijm2 + 2bymm,, (19)
A?jklnkl = ay0;ny + 2bsn,;. (20)

A® is an antisymmetric pseudotensor, transformed as
e{V*}V[V?] and eV[V?]>. A® can be represented as

Ai6jklm = b68ijk81m + CS(BIjlakm + ‘Sijmfskl)- 21
The convolution of this tensor with the field components gives
A?jklmnklmm = bénllaijkmk + C6(85jlnlmmm + 8ijmnlmml)' (22)

For axially symmetric anisotropy of the local atomic en-
vironment, we have n,, = n;n,,, so that

Aiﬁj = Si/‘k[b6”2mk + 2¢o(n - m)n,].

A" is an isotropic tensor. It can be represented as a sum of
isomers with the internal symmetry [V?]’. It has five inde-
pendent components, yielding

Az?jklmnmkmlnmn = [a75ij5k18mn + b78ij(8km81n + 8581m)

+ C75k1(5im5jn + 51n5jz)

+ d78,,,(8 8 + 8483

+ €7(8x 8381 + 8ix8juSim + 88 S

+ 88,0k + 858ty + 811010

+ 810881 + 8181 Imymyn,,,

= (a;m’ny + 2bymymyng);;

+ 2¢cnymm; + 2d7m2nl-nj

+ de;(mmyn; + mamyny). (23)

A% and A’ contain the parts that depend both on the magnetic
moments and on anisotropy of the local atomic environment,
i.e. are responsible for ‘combined’ effects.

As a result, we obtain the following forms for f+ and E‘:

&y = Iny — Y (@)8,)(2b5 + 2¢,m°) + (mm; — ym’s,)

x [b, 4 2dstr(n)] + de;[mmmn; + mmn,;

— 3(nymym;)3;] 4
g = i8yllay + botr(@)my + 2cgnyym,}, (25)

q
which are correct for the biaxial symmetry. In the case of the
axial anisotropy of the local atomic environment, we suppose
n; =nn;, and we obtain the expression given by Blume
(1994). The numerical coefficients in this tensor expansion are
unknown and included in them are the resonant denomi-
nators. The considered approach can be useful when the
resonant scattering in the presence of several anisotropic
factors is considered. It allows one to find the set of possible
reflections and to determine their azimuthal and polarization

properties.

4.2. The susceptibility in the case of several anisotropic
factors

Recently, the resonant scattering of synchrotron radiation
was studied in a crystal with orbital ordering. In this case, there
are three simultaneous anisotropic factors, i.e. anisotropy of
the local atomic environment, anisotropy due to orbital
ordering and magnetic ordering. If we take into account the
anisotropy due to orbital ordering together with that due to
magnetic ordering, we obtain a result similar to that in §4.1.
Instead of the tensor n;,;, we should, however, introduce in this
case the order-parameter tensor A; = 7,7;,, where T means
pseudospin (see Kugel & Homsky, 1982). If we take into
account all three types of local anisotropies simultaneously
and apply the approach developed above, we obtain:
¢(nm, 7,7,) = A%, + Ajmy + Ajyn,

+ A?jklmkml + A;;kz T+ A?jklmnklmm

6 7
+ Ajjkim T Ty, + A

ijkimn

+ A,%-k,mnrkr,mmmn +.... (26)

nym,,m,

Thus, we see that the terms A° — A* describe the resonant
scattering due to each of the independent anisotropic factors.
Hence, the diffraction pattern will contain additional reflec-
tions that are ‘purely magnetic’, ‘purely ATS’ and ‘purely
orbital’. The terms A% describe the possible ‘combined’
effects. Calculations similar to those made above give the
following expressions for the susceptibility tensor:

Q‘T‘ = bl[nij - %tr(;l)(gij] + bz(mimj - %ngij)
+ by[r;7; — 5tr(A)S;] 4 4{(byny, + bsTiT, )mim,,
+ (b4njm + bsfjfm)mimm - %[b4nijmim/‘ +bs(t - m)2]5zj},
@7)

g = ibylemy + (eny,, + c31,7,)m,, ). (28)

6  Ovchinnikova and Dmitrienko + Resonant X-ray scattering
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In (27) and (28), all the coefficients are unknown. Several
terms that are not essential for the anisotropy are omitted.
These expressions show that different types of anisotropy
with the same internal symmetry (for example, anisotropy
both of the local atomic environment and of orbital ordering,
which are decribed by the second-order symmetric tensors)
can be summarized and give no ‘combined’ effects. Moreover,
these two contributions cannot be distinguished physically by
a resonance measurements. The ‘combined’ terms appear in
the susceptibility tensor only when anisotropic factors with
different internal symmetries exist for resonant atoms.

4.3. Dipole—quadrupole term

If a resonant electronic transition has a mixed multipole
order, then the cross terms can appear, for example the
dipole—quadrupole term. The consideration of the magnetic
type transitions adds new tensors, their general forms were
discussed by Templeton (1998). We will not discuss this
question. As shown by Blume (1994), the dipole—quadrupole
term can be represented as

Cf,l'q ~ (giJ,‘rk+ + giyk_)(kk - k;() + (g;]"—k_ + gi7k+)(kk + k;)’
where

8 =32.(pa + mppl(a | R; [ e)(c | Oy | a)

+ uvia | Qy | c){c | R; | a))
+v({a | Rl e){c| Qx| a)
+ uvia | Qy [ e){e | R; | a))], (29)

w, v ==x1. The terms with © =1 are time-reversal, i.e. they
are not sensitive to the magnetic structure. We are interested
in the ‘combined’ effects that require the crystal to be
magnetic. Hence, we will consider only the terms with
un=-1 g;,j and g~ correspond to the symmetric and anti-
symmetric parts of g

Let us consider the expansion of g~ over the anisotropic
factors.

- 0 1 2 3
it (s M) = {gis + Gy + GimMim + i,
4 5
+ gijklnmm[nmn + gijklmnpmlmmnnp

T, (30)

where [, means —H, = k, — k| for g7~ and k, + k|, for g=.
In (30), only the terms g* and g are essential for the
‘combined’ effects.

Taking into account the general property of the suscep-
tibility x;(k, m) = x;(—k, —m), we obtain gj,,, to be
symmetric under i,j permutation. Hence, it describes the
symmetric part g;;", which transforms like V?[V?]?, possess-
ing five independent invariants. Its convolution with the
ordering parameters gives the following expression:

gi/fklemn = 8yla,(1- m)ny +2b,lm, ny, |
+ 2¢,(1- m)nij + d4nmz(limj + ljmi)
+ 2e,(ln;,m,, + Lny,m,, + mn,, L, +mmn,, 1),

im""*m i"“jm*m j' imtm

@31

where the diagonal part is not excluded.

gg-k,mnp is a seventh-rank tensor antisymmetric under i, j
permutation, e{V*}V[V?*]* type. To obtain its invariant form,
we can use the duality relation &{V?}~ V. Then,
Ekimnp = Oijgakimmp» Which was considered above. The convo-
lution of this tensor with the order parameters gives

gi;k?mnplkmlmmnnp = iaijk{(asznpp + 2b5nnpmmmp)lk
+ 2c5mzzk + 2d5[npp(l - m)
+ 4es(m - z)|m, + 4es(m - Dn,,m,,},
(32)

where z;, = ny,l,.

5. Quadrupole transition

Let us consider the quadrupole—quadrupole term. It is known
that the extinction rules in the resonant diffraction pattern
corresponding to the quadrupole transition can differ from
those for the dipole transition (Finkelstein et al., 1993). In this
section, we consider the susceptibility tensor for the quadru-
pole transition in the presence of two anisotropic factors. We
have:

Xg‘q = kres Uiljkk;kk' (33)

The following symmetry relation describes the tensor U:
U,,»k = U,l.jk = Uﬂkj = U,ik,« (see Blume, 1994). Let us consider

L

the following expansion:

qq 70 g S 2 /
& (npq7 m,,) = Uiljkklkk + Uiljkmklkkmm + U iljkqulkknpq
3 / 4 /
+ Uiljkqulkkmpmq + Uiljkmqulkkm

+ UimmpaKikimmyn, . + ... (34)

n'’pq

mnpq

where all tensors U are isotropic and can be represented as a
linear combination of the isomers. We see that the first four
terms describe the resonant scattering of X-rays similar to
those cases for which there are only anisotropy of the local
atomic environment or magnetic ordering. Below we shall
represent only the term responsible for the resonant scattering
in the presence of only anisotropy of the local atomic en-
vironment, which is correct for the biaxial case, and those
terms that correspond to the combined symmetry of anisot-
ropy of the local atomic environment together with magnetic
ordering. For pure biaxial anisotropy of the local atomic
environment, we must consider U?, which transforms like
[V2T and possesses five independent parameters [see equation
(23)]. Its convolution with the wave-vector components
together with the order parameters is equal to
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kikyn,, = 8;ldyn,, (k- K') + 2e,kik;ny ]

+ eZnU(k k ) + (a2 + d2)k1 J pp
+ 2bykin;, k, + 2e,kn k)

+ 2c,km,, k), + 2e,kiny k. (35)

pp

llfkpq

For axial anisotropy of the local atomic environment, we have
kikn,, = 8;ldn’(k - K') + 2e,(n - k)(n - K)]

+ 2e,nni(k - K') + (a, + dy)kk;n’

+ 2bykin(n - k) 4 2¢,k;m;(n - k)

+ 2e,kin(k - m) 4 2e,kin(k - m).  (36)

tlfkpq

The convolution of these tensors with the polarization vectors
of the incident and scattered radiation gives expressions
conforming with the terms involving the square of m in the
scattering amplitude obtained by Blume (1994).

To obtain the terms that may be responsible for ‘combined’
effects, we must consider U* and U°. Using U*, which trans-
forms like V[V2]?, we have:

&G = Lljkmnpk kynm,,n
= ayn,,{8;,m,, (k- k’) + [m x K'ik; + [m x K|,k
—|—[m><k]k8 }+2b, ([mxz]k — [m x K] k)
~+ 2¢,(Jm x z]iki — [m x k],n,, k), (37)

where z, = nyk,, z =nyk;. The last two terms describe
—comb
§ ,coml .

Similarly, we can obtain the expression for ¢omb:
g;*“’mb = 2k,{b,km,,m,n,,, + c,zjm’ + d,n,,(m - K)m;
+ e [m;(m - 2') 4 (m - K)m,n

1}

n ]m

+ 2kj{byk;m,,m,n,,, + c,m’z; + dyn,, (k- m)m,
+e,[m

i(m - z) + (m - K)m,n,,]}, (38)

where the diagonal part is not excluded.

Comparing the expressions for % and x~%, we see that
in dipole transition the ‘combined’ terms in susceptibility
disappear when n L m, not so, however, for the quadrupole
transition. Hence, near the absorption edge, extra forbidden
combined reflections caused by the quadrupole transition can
appear in the diffraction pattern.

6. Susceptibility tensor in a crystal with orbital
ordering

In the previous sections, we have found phenomenological
expressions that describe the resonant X-ray diffraction in
the presence of two different anisotropic factors. Now we
will discuss an example when three anisotropic factors
simultaneously exist in a system. This is the crystal of
LagsSr; sMnO,, where anisotropy of the local atomic envir-
onment coexists with magnetic ordering and orbital ordering.
Forbidden reflections were recently experimentally observed
by Murakami et al. (1998) near the K edge of Mn>*. At first,
they were classified as dipole ATS reflections. Their azimuthal

dependence is in accordance with such an assumption. In the
following, the theory describing the properties of the resonant
scattering in systems with orbital ordering was developed by
Ishihara & Maekawa (1998a,b) and Fabrizio et al. (1998). Here
we develop a phenomenological method aiming to find
possible effects that can appear in the presence of three
anisotropic factors compared with one or two.

In the considered system, charge ordering is also observed
together with the above listed ordering types (see Miozakawa
& Fujimori, 1995; Sternlieb ef al., 1996). The charge ordering
describes the symmetry of the Mn>t/Mn** superlattice and
does not produce additional anisotropy.

At room temperature, the considered structure is described
by the space group [4/mmm. In the region of orbital and
charge ordering, the symmetry becomes orthorhombic,
though close to tetragonal with lattice parameters (2a)!/?x
(2a)'/? x ¢. The resonant atoms are on the fourfold axes,
hence the symmetry of the local environment causes an
anisotropy described by the tensor ¢;, where ¢, = ¢, =n,,,
{,. =n,, (the other tensor components are zero). Such
symmetry cannot cause the appearance of any ATS reflections
in the diffraction pattern near the absorption edge of Mn**

An additional reflection (320) associated with orbital
ordering was found by Murakami et al. (1998) at 29.5 K. At
this temperature, all magnetic ordering, charge ordering,
orbital ordering and anisotropy of the local atomic environ-
ment can exist.

Let us apply the results of the previous sections to the
resonant diffraction in LagsSr; sMnO,. To this purpose, we
write the tensors n;, Ai]- = 1;7; and vectors m corresponding to
four resonant atoms in a unit cell.

Atom(1):
zz2 Ttyy T "Pzz Ry Al = Azz’ AI = Al = A XX

m] - (m)m ny)'

Atom (2):
np=np, AL, =A_ AL, =AlL=A, . m,=(m,m,,0).
Atom (3):
np=np, A, =A_ A=A, =A,,
m; = (—m,, —m,, 0).
Atom (4):

n4—n A4 =A A4 —A4 =A

ij> 220 xx°

m4 - (_m)(7 - ya 0)

The other tensor coefficients are zero. Substitution of these
values into (24) and (25) shows that no ‘combined’ contribu-
tion appears in the reflection (330), hence it can be considered
as purely ATS type.

Let us consider the 40! reflections in detail. In this case,

x({[2n + 1]/2}0{[2m + 1]/2})
~ut-nt+nt-at+at -2t (39

8  Ovchinnikova and Dmitrienko + Resonant X-ray scattering
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where x>t,i =1, 2,3, 4, describe the scattering by Mn>* ions,
X1 correspond to the scattering by Mn*" ions. There is no
orbital ordering on the ions Mn** for which e, €lectrons are
absent. If only one anisotropic factor is taken into account, the
susceptibility for these reflections is completely defined by the
magnetic ordering on Mn** ions, consistent with the results by
Sternlieb et al. (1996). Let us take into account three aniso-
tropic factors on the Mn*" ions. We see that anisotropy of the
local atomic environment together with magnetic ordering
gives nothing new, but magnetic ordering together with orbital
ordering gives the contribution to the susceptibility tensor.

Hence, for the reflection A0/ with h=(2n+1)/2,
| =(2m+1)/2, we have

X (Ol = 2ioy(A — A,.)

0 0 mf) T
x kXt 0 0o mY
—mf) -m® 0 _
[ 0 0 m
+ ik}t 0 0 —-m® ||, (40)
—m§4) m® 0

where o is an unknown coefficient, describing the ratio of the
‘strengths’ corresponding to the local anisotropy and magnetic
interaction.

This reflection, which was considered by Sternlieb et al.
(1996) as purely magnetic owing to the scattering by the Mn**
sublattice, contains the contribution from the Mn®* sublattice,
which is neither purely magnetic nor purely ATS. Taking into
account the difference of about 4 eV between the resonant
energies corresponding to Mn®*t and Mn**, an interference
form of resonant line must occur. The interference between
the resonant lines can either enhance or weaken the intensity
of a resonant peak. In the considered case, the interference
form of the resonant line cannot be resolved owing to the
small distance between the resonant energies corresponding
to Mn** and Mn** compared with the line width. The coeffi-
cient a; seems to be small, thus the weak peak corresponding
to the ‘combined’ reflection from the Mn** sublattice may be
negligible compared with the magnetic peak from the
sublattice Mn**. We will consider a possibility that allows us to
characterize the weak reflection.

Let us look at the azimuthal dependence. Calculations show
that for the hO/ reflections the intensity of the scattered
radiation within the kinematical approach of diffraction
theory is equal to

I({[2n + 1]/2}0{[2m + 1]/2})
= 2{| x,, cos B — X, sin B|* cos® 6,
+ (X Sin B + X, cOs ,B|2 sin? 0g
+ (X sin B + X, cos B> sin® O cos 20, sin” @}, (41)
where ¢ is the azimuthal angle, 8 the angle between the
scattering plane and the a axis, 8 is the Bragg angle, x,, and

X,. are the components of the susceptibility tensor, repre-
sented by (40).

The azimuthal dependence of the usual ATS reflection is
not energy dependent. lLe., if we represent the azimuthal
function given by (41) in the form I ~ a + bsin® ¢ and intro-
duce a typical parameter, for example p = a/b, then we can
see that for a purely ATS or magnetic reflection belonging to
only one resonant line the ratio a/b will be the same at all
points of the energy scale. In contrast, the typical parameter
for the azimuthal dependence described by (41) with x equal
to (40) has to be energy dependent.

7. Conclusions

When the wavelength of the incident radiation is close to the
absorption edge of an element in a crystal, then different kinds
of forbidden reflections, i.e. reflections that are absent far from
the absorption edge, can appear in the diffraction pattern. We
have shown that, besides the well known magnetic and ATS
reflections, the diffraction pattern may also contain reflections
that only appear when several anisotropic factors exist in a
crystal. The phenomenological expressions that describe the
susceptibility tensor in the presence of several kinds of
anisotropy are developed. These expressions allow evaluation
of the set of possible reflections in the resonant X-ray
diffraction. For example, they show that additional reflections
may appear in resonant diffraction near the absorption edge in
the presence of the magnetic ordering together with anisot-
ropy of the local atomic environment or together with orbital
ordering. Also, we have shown that the set of forbidden
(combined) reflections for quadrupole resonant transition can
differ from that for the dipole transition.

In this paper, the approximations for strong and inter-
mediate crystal fields were considered. Similarly, we can
obtain the approximation for a weak crystal field. To this
purpose, we must use an expansion of the susceptibility tensor
in terms of the crystal field order parameter 7, supposing the
tensors to be invariant under the magnetic field symmetry
group 0o/m. This expansion gives nothing new compared with
the case of the intermediate field.

We have neglected the dependence of k., on the aniso-
tropic factors. It is really not essential for the anisotropic
properties of scattering when we consider the separate reso-
nant atom. It becomes essential, however, when we consider a
unit cell that includes several resonant atoms. If there is only
one anisotropic factor, then the resonant denominator does
not depend on its orientation in crystal space, i.e. k., depends
only on the value of the magnetic moment or crystal field. The
situation may be more complicated when there are several
anisotropic factors simultaneously. In this case, k. may
depend on the mutual orientations of the anisotropic fields.
This fact must then be taken into account in the study of
diffraction patterns because the difference in k., for example
for different atomic species located on the same crystal-
lographic position, can lead to the appearance of additional
reflections.
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